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ABSTRACT
This work presents the analytic solution of flow of a viscous fluid between two stretching disks
with slip boundaries. Suitable similarity transformations are used to normalize the governing
system. Optimal homotopy analysis method has been used as a solution technique by considering
one parameter; two parameters; three parameters and one step optimal HAM approaches. The
solutions obtained through all these approaches are compared. It is observed that, although the
solution series (obtained through Optimal HAM) attains convergence at initial few terms but, on
the other hand the computational resources,required to acquire solution, increases indefinitely as
we increase the order of approximation.The current analytic solution is compared with a
numerical technique and it is found that both solutions are perfectly matched. The effects of
material parameters on different physical quantities are illustrated through graphs and tables.
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1. INTRODUCTION
The boundary layer flow due to moving or stretching surfaces has been investigated broadly in
the field of fluid mechanics. Such kinds of studies are very essential, practically, in engineering
and industrial processes. In the manufacturing of metallic and polymeric solid cylinders and
sheets it is observed experimentally by Vleggaar [1], that the velocity of the material is
approximately proportional to the distance, so such kinds of system are mathematically modeled
as stretching sheets, disks and cylinders. Theoretically, the pioneer work on viscous flow due
tomoving surfacewas initiated by Sakiadis [2]. Exact solutions for the flows due to stretching
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51 | Can J App Sci 2011; 1(2):50-67

Munawar et al., 2011

surface were obtained by Crane [3] and Wang [4]. Motivated by the ideas of afore mentioned
authors various researchers explored the flow over stretching surfaces in different
circumstances.Andersson [5] investigated the boundary layer flow of an electrically conducting
non-Newtonian fluid past a stretching sheet. Troy [6] investigated the issue of uniqueness for a
second grade fluid over a stretching sheet.Carragher and Crane [7] studied the heat transfer
phenomena on a continuous stretching sheet.Grubka and Bobba [8] performed heat transfer
analysis by considering the variable temperature property. Kumari et al. [9] studied heat transfer
characteristic in MHD flow over a stretching sheet with prescribed wall temperature or heat
flux.Elbashbeshy [10] extended the study of heat transfer over a stretching sheet to the case with
variable surface heat flux. Ali and Mehmood [11] discussed the unsteady flow over stretching
sheet in porous medium with suction and injection on the surface. Mehmood and Ali [12]
investigated the analytic series solution for the generalized three-dimensional flow and heat
transfer over a stretching sheet which is valid for whole range of stretching parameter. The study
was then further extended to the case where the stretching surface is not essentially flat. The flow
over a stretching cylinder was first instigated by Wang [13] who studied the flow due to the
uniform stretching of cylinder surrounded by fluid at rest.The axisymmetric flow of a
viscoelastic fluid over a radially stretching disk was studied by Ariel [14] in which the
perturbation solution for small Deborah number and asymptotic solution for large Deborah
number were obtained.Three-dimensional flow over a radially stretching and coaxially rotating
disk was investigated by Fang [15] by taking into account the cases of only stretching disk and
both rotating and stretching disk. Zaturska and Banks [16] discussed the flow between a channel
with porous and stretching boundaries. Currently, Fang and Zhang [17] modified the problem of
Ariel [14] by taking a viscous fluid between two coaxial infinite radially stretching disks with
different stretching rates and solved the equations using the shooting method. Gorder et al. [18]
confirmed the results of Fang and Zhang [17] via a strongly analytic technique homotopy
analysis method and showed a good agreement.
The objective of present study is to investigate the effects of slip condition on the similarity flow
between two stretching disks and to report the advantages and limitations of some new analytical
solution technique, namely, optimal HAM proposed by Liao [19] and one step optimal HAM
given by Niu and Wang [37]. The basic idea of homotopy analysis method (HAM) was outset by
Liao [20] to get the analytic series solution of nonlinear differential equations in his doctoral
thesis in 1994. But it was later observed that the solution series obtained from this early version
of HAM often does not converge. In 1999 Liao [21] established a novel form of the zeroth order
deformation equation of HAM by introducing a non-zero auxiliary parameter as:
,

(1)

where
the embedding parameter related to the mapping
which deforms
continuously from
to
as varies form to ,
is a nonlinear operator and
is
the initial guess for the exact solution
.
can be expanded in the form of a Taylor
series
,
whichif converges to the exact solution at
.

(2)
, we get the HAM series solution
(3)
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The convergence of above solution series strongly depends upon the auxiliary parameter . This
parameter controls the rate and region of convergence of homotopy series solution (3)and
therefore named as convergence-control parameter [22]. This traditional homotopy analysis
method is successfully applied by many authors [23-34] to solve highly nonlinear ordinary and
partial differential equations.Recently, more generalized form of zeroth order deformation
equation (1) is given by Liao [34] as
,
where

and

(4)

are deformation functions satisfying the properties
and

.

(5)

As there are infinite numbers of ways of choosing these deformation functions so we have more
freedom of choice to ensure the convergence of series by choosing appropriate form of
deformation functions. This freedom of choice is further utilized by Marinca et al. [35] in his so
called optimal homotopy asymptotic method (OHAM). Marinca pooled and
as a one
with the property that
and
and formulated the deformation
function,
equation of the form
,
where

is expanded by the Taylor series

(6)
.

The issue of selection of suitable value of convergence control parameter has been resolved
byYabushitaet al. [36] who proposed an optimization method for two coupled ordinary
differential equations, based on the integration of residual error
given by
,

(7)

where and
are solution at the the order of approximation. It was determined by Yabushita
et al. [36] that the approximate series solution by HAM approaches to the exact solution if
tends to zero. The optimized value of convergence controlling parameters can be obtained by
minimizing the residual error
by plotting the contour against convergence controlling
parameters. Marinca [35] obtained the optimized values of convergence controlling parameters
using the square residual error
, ,…,
given by
,

,…,

,

(8)

and minimized the square residual error utilizing the fist derivative law of Calculus as
,

,

(9)

which corresponds to nonlinear algebraic equations with unknowns but in this approach,as
the order of approximation increases by one, the number of eqs.(9) alsogrow by one with one
additional unknown and for large
the system of algebraic eqs. (9) becomesa great dealand
more computations are required to calculate the unknowns form eqs. (9). More recently, Niu and
Wang et al. [37] reported that it is practically more tedious to calculate the optimal values of
from the highly nonlinear and sparse system of algebraic equations. To overcome the drawbacks
of Marinca approach Niu and Wang [37] suggested the one-step optimal homotopy analysis
method. According to this approach the CPU time and memory losses can be reduced if the
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residual error isminimized at each order of approximation. In this way, we can obtain the value
of each
at th-order by solving only one nonlinear algebraic equation with one unknown.
Obviously, in this approach less computational resources are required than that of the Marinca’s
approach. Unfortunately, this one-step optimal HAM is valid only for small values of parameters
as pointed out by Niu and Wang [37] in the same paper and this downside of the method is also
observed in the present work.
Currently, Liao introduced a new three-parameter optimal homotopyanalysis method in a recent
paper [19]. Optimal HAM is based on the generalized zeroth order deformation eq. (4) with the
unique type of deformation functions each depending upon the characteristic parameters
. Liao also suggested a new sort of approximation to exact square residual error to
and
accelerate the efficiency of computation. Liao applied this approach effectively to the wellknownand simplest Blasius flow problem and obtained the solution which converges at the
earlier order of approximation than that of traditional HAM. However, it is a misfortune that the
solution series given by optimal HAMcontains three unknown convergence control parameters.
Therefore, it is sometime impractical to obtain the solution at the higher order of approximation
with three unknown parameters as the CPU time increases exponentially as shown later in this
paper and a hefty random access memory RAM is required to reach at suitable accuracy.In the
current study we investigate the merits and limitations of different optimal HAM approaches by
providing the convergence, accuracy and efficiency of all approaches based on homotopy. All
calculations are performed on a PC Core i7 3.2 GHz CPU with 8 GB RAM using the symbolic
computational software Mathematica.
2. FORMULATION OF PROBLEM
Consider a steady state laminar flow of an incompressible viscous fluid between two
continuously stretching coaxial disks.Because of the presence of slip condition at the walls of
disks, the velocities of linearly stretching lower and upper disks
and
are balanced by the
and
at the walls, respectively.Further we assume that the centers of surfaces
shear rates
are held fixed and the disks are stretching along the radial direction
coordinateperpendicular to radial direction. The lower disk is located at
disk is at distance apart.

while is the axial
while the upper

According to the above assumptions, the equations that govern the considered flow problem are
the continuity equation and the Navier-Stokes equations which take the form:
,

(10)
,

(11)

.

(12)

Subject to the boundary conditions
,

,

at

,

(13)

,

,

at

.

(14)
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To normalize the above system of eqs (10)-(14) the Von Kármán type of similarity
transformations are used
,

,

,

.

(15)

Using these transformations in eqs (10)-(14), eq. (10) satisfies identically and we left with the
following system of ordinary differential equations:
,

(16)

,

(17)

with the boundary conditions
,

,

,

,

,

(18)
(19)

is the Reynolds number
whereprime denotes the differentiation with respect to ,
proportional to the lower disk stretching rate, is the ratios of disks stretching velocities and
and
are the Knudsen numbers.
To acquire more simplified form and to eliminate , eq. (16) can be differentiated with respect to
as follows:
,

(20)

andthe pressure parameter can be determined by the boundary conditions (18) as
.

(21)

The pressure term can be calculated by integrating eq. (17) and using the boundary conditions
(18) as
.
The shear stress

(22)

at the surface of lower disk in radial and tangential direction is given by
.

Accordingly, the coefficient of skin friction

(23)
at the lower disk reduces to

,
where

(24)

is the local Reynolds number.

3. METHOD OF SOLUTION
To find out the solution of equation (20) subject to the boundary conditions (18) and (19) we use
the three parameters optimal homotopy analysis method. According to the nature of boundary
conditions we seek the solution series of the form
,

(25)
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where
are the coefficients of the series. Conferring the boundary conditions we choose the
initial guess
,

(26)

and linear operator of the form
.

(27)

Using the governing eq. (20) we define the non-linear operator

as

.

(28)

According to the threeparameter optimal homotopy analysis method [19] the so called zeroth
order deformation equation can be written as
,

(29)

subject to the boundary conditions
,

, at

,

, at

,

(30)
,

(31)

where
and
are convergence control parameters,
is the embedding
parameter related to the mapping
which deforms continuously from
to
as
varies form
to ,
and
are the
deformation functions with
,
,
and
, satisfying the property (5). Expanding
in Taylor series with respect to we
have
,

(32)

where
.

(33)

The th-order deformation equation can be obtained by differentiating eqs. (29-(31)
with respect to and dividing by
in the form
,

-times
(34)

subject to the boundary conditions
,and

,

(35)

where
,

(36)

and
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(37)
represents a particular solution of eq. (34) then the general solution can be written in
Let
the form
,

(38)

in which
are constants of integration and can be determined using the boundary
conditions (35). The above system of linear non-homogeneous ordinary differential equations
(34) along with the boundary conditions (35) is solved up to the sufficient order of
approximation to achieve the complete solution of original differential equations (18)-(20) in the
form of an infinite series of functions i.e.
.

(40)

Note that at any order of approximation the above solution series (40) contains three unknown
and
with the help of which we can determine the
convergence controlling parameters
convergence rate and region of solution series. By choosing the optimal values of these
convergence controlling parameters we can achieve the convergence of solution series more
rapidly.To obtain the optimal values of
and
we first calculate the square residual error
using the following formula given by Liao [19]:
,

(41)

is the discretization of continuous function
into N pieces by choosing
and
for our problem. The best values of
and can be found where the
square residual error
is minimum. The minimum of
can be calculated using the first
and
are calculated by simultaneously solving
derivative law of Calculus. The values of
the three algebraic equations
where

and

.

(42)

4. Convergence and accuracy of method
To investigate the convergence and accuracy of the different homotopy approaches we will give
a brief comparison of different approaches in this section. According to Liao [19], the two
standards for an adequate method to solve nonlinear equations are that it can approximate the
expressions efficiently and accurately for the suitable values of physical parameters. We will
analyze the convergence, accuracy and efficiency of different analytic techniques for the
considered problem in this section. To accelerate the convergence of our solution we use the
homotopy padé approximation on the solution series given by different methods using the best
values of convergence control parameters and the results are listed in table 1.
In case of one parameter optimal HAM
, the convergence is controlled by only one
parameter
and the deformation equation (29) reduces to the traditional HAMequation(1).
Therefore the solution obtained by one parameter optimal HAM corresponds to traditional HAM
techniques. At 20th order of approximation the optimized value of
is calculated to be
. At this optimized value of
the tabulated values of
are given in Table 1
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using the homotopy padé approximation. It is observed form the table that after 12th order of
approximation there are no corrections up to 6 decimal places. The square residual error
is
calculated in table 2. It is noted that as the order of approximation increases the corresponding
residual error decreases significantly and at 30th order of approximation the residual error
reaches to 2.27126×10-5.
In the two parameter optimal HAM approach, there are two convergence control
parameters and (as
). The optimal values of
and
are
at the 20th order. The corresponding
obtained by minimizing the square residual error
homotopy padé approximations for
using the optimal values of and are shown in table
1 and no significant differencesare observed between one and two parameters approaches. In fig.
1 the square residual error is plotted against
at the fixed optimized value of
at the 6th, 8th
and 12th order of approximation and it is noted that as the order of approximation increases the
square residual error moves toward zero by giving the optimal value of . This comparison
demonstrates that the two parameters optimal homotopy analysis approach converges at same
order as compared with one parameter approach although; sympathetically, more computational
time and recourses are required to calculate the solution of two parameters optimal HAM
approach as compared to the one parameter approach which is described in table 3.
In the three parameter optimal homotopy analysis method, three parameters are introduced to
at 20th
control the convergence of solution series. By minimizing the square residual error
order of approximation, the optimal values of convergence-controlling parameters are obtained
as
,
and
. Form table 1 it is noticed that at these
optimized values of convergence control parameters the corresponding padé approximation for
converges at 6th order. It is interesting to note that the square residual error in the case of
three parameters optimal approach moves toward zero drastically as compared to other optimal
approaches (see table 2). Therefore it is examinedfrom here that three parameters optimal HAM
approach converges at earlier order of approximation than those discussed before. Nevertheless,
due to three unknown parameters much more computations are required to calculate the solution
at the high order of approximation as shown in table 3 and practically it is sometime unfeasible
to calculate the solutionespecially for the system of highly nonlinear differential equations.
From table 1 it is important to note that the solution obtained through one step optimal HAM
approach given by Niu and Wang [37] though convergesbut not accurately to the exact value. If
we see table 2 the corresponding residual error
given by this approach decreases,however
slowly as the order of approximation increases. This kind of behavior of one-step OHAM
solution is anticipated and shows the limitation of one-step method as mentioned by Niu and
Wang [37]. Although, when the small values of involved physical parameters are taken i.e.
, the one step optimal HAM efficiently calculates the accurate results. Table 3 illustrates
the residual error
corresponding to the small Reynolds number
and the CPU time
in seconds. It is perceived form here that the onestep optimal homotopy analysis method
minimizes the square residual error more considerably and much faster as compared to the other
optimal approaches. It takes only
seconds to calculate the 20th order solution of one step
optimal HAM approach with the square residual error
which is much less as
compared with other optimal approaches (see table 3). The corresponding value of
is
given in table 4 and it is noted that after 4th order of approximation, there are no corrections up to
6 decimal places.
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homotopy padé approximations of
given by different
,
and
are kept fixed.

1 parameter
optimal HAM
0

2 parameters
optimal HAM
1.385313
0.218662

Table2: Comparison of the square residual error
,
and
One step
optimal
HAM [37]

1 parameter
optimal HAM
1.082301

3 parameters optimal HAM
1.509902
0.201629
0.337949

given by different approaches when
are kept fixed.

2 parameters optimal HAM
1.385313
0.218662

3 parameters optimal HAM
1.509902
0.201629
0.337949

It is interesting to note here that the values of
given by three parameters optimal approach
converge at 2nd order but it is worth mentioning here that the accuracy given by one step optimal
approach in fewer time is greatly considerable,though, at same order the accuracy and CPU time
required to calculate the solution by one step optimal approach is more appealing as compared to
three parameter optimal approach. The time consumed by three parameter approach increases
exponentially as the order of approximation increases and it requires
seconds to
th
calculate the solution at 20 order of approximation with error
.
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Table 3: Comparison of
and CPU time (seconds) given by different approaches of optimal
HAM when
and
.
One step optimal
HAM [37]

1 parameter optimal
HAM

CPU
time (s)

CPU
time (s)

2 parameters
optimal HAM
CPU
time (s)

3 parameters optimal
HAM
CPU
time (s)

18.127

Table 4: Comparison of

One step
optimal HAM
[37]

given by different approaches when
are kept fixed.
1 parameter
optimal HAM

2 parameters
optimal HAM

and

3 parameters
optimal HAM

From tables3 and 4 it is examined that one step optimal approach given by Niu and Wang [37] is
computationally more economical, simple and efficient for the case of small Reynolds number
as compared to other optimal approaches but for some moderate values of
it losses the
accuracy to some extent. In table 5 our current analytic solution is compared with the numerical
shooting method and a good agreement is observed between both the techniques
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for the various values of
approximation.

,

,

Current solution by
optimal HAM

2.0

and

at

th order of

Numerical results
by Shooting method

-0.101915
-0.053502
-0.036282
-0.022075
-4.245316
2.178179
-1.551990
-2.072128
-0.445370
-0.086287
0.456999
2.829755
-1.919289
-1.106496
-0.086287
3.184078

Figure 1: Averaged square residual error
versus forthe case of two parameter optimal
HAM and is kept fixed at -1.349054, -1.359024 and -1.238944 for 6th, 8th and 12th order of
approximation respectively.
60

61 | Can J App Sci 2011; 1(2):50-67

Munawar et al., 2011

Figure 2: Effects of slip parameter

Figure 3:Effects of slip parameter

on radial velocity when
are held fixed.

on axial velocity when
are held fixed.

,

,

and

and
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on shear stress at lower disk, Black line
, Blue line
, when
and
are held fixed.

.

Figure 5:Effects of parameter on radial velocity when
held fixed.

,

and

are
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,

and

are

Figure 7: Effects of
and
on pressure parameter , Black line for
, Blue line
and Red line for
, when
and
are held fixed.
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5. RESULTS AND DISCUSSION
In this section the influences of various physical parameters on the velocity profile and skin
on the
friction are illustrated through graphs and tables. The effects of the Knudsen number
radial and axial velocity profiles are depicted in figures 2 and 3, respectively. From figure 2it is
observed that the radial velocity of fluid close to the surfaces of both disks decreases as
increases and two points of inflectionoccurin the main flow region at
and
.
Thisconduct of the velocity illustrates that as the fluid becomes more rarefied, the velocity at the
surfaces of boththe disks reduces. This is because of the reason that the momentum transport in
radial direction decreases due to augmentation of slip. In figure 3 the axial velocity is plotted as a
against . From the figure it is observed that the effects of
function of slip parameter
confines near to the surface of lower disk. As
increases the axial velocity decreases near the
surface of lower disk and no variation occurs in the vicinityof upper disk however, the behavior
of the velocity shows that fluid particles flow in upward direction as
increases. Figure 4
shows that as the slip parameter
increases the skin friction
decreases drastically and
asymptotically approaches to zero.However, it is noticed that for
and the values of skin
friction are negative and beyond these values (
) it takes positive values. Figure 5 shows
that as parameter increases the radial velocity at lower disk reduces and reverse radial flow
occurs near the lower disk, nevertheless, it increases near the surface of upper disk. This is
mainly due to the reason that as increases the upper stretching rate becomes dominant over the
lower stretching rate and therefore it pushes more fluid particle in radial direction.The graph of
axial velocity for various values of is plotted in figure 6 and it is noticed that the magnitude of
axial velocity increases as increases. It is visible that axial velocity takes negative values and
its maximum values occur more significantly in the upper half region. This is due to the fluid
particle near upper disk evacuating in radial direction due to great stretching rate, therefore, the
particle coming in upward direction are more momentous. Figure 7 illustrates two types of
behavior of pressure parameter ; firstly, it decays as
increases for small Reynolds number
and secondly, for large Reynolds number it augments as
increases. Although, it is an
increasing function of the Reynolds number . The numerical values of skin friction coefficient
at lower disk are illustrated in table 5 for different values of parameters
,
, and . The
table shows that the shear stress at lower disk decreases byincreasing
. It is noted that the
and afterwards it again
skin friction change its values from negative to positive when
takes negative values and the magnitude of
increases by increasing
. It is observed
that for small Reynolds number the skin friction takes negative values and by increasing the
Reynolds number it changes the sign and the magnitude augments. The values of skin friction
show that as increases it diminishes toward zero and for large it augments with positive
values which indicate the reverse radial flow.
6. CONCLUSION
In this study the effects of partial slip condition on steady laminar flow between two stretchable
disk have been investigated. The objective of the study is twofold; first to explore the physics of
flow and second to identify the best analytic technique towards the solution of nonlinear
governing equations arising in the study of fluid flows. Apparently, the physics of the flow can
be studied if one has the solution of the problem in hand. Therefore, it is reasonable to embark on
the solution part first.
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In this study we used optimal homotopy analysis method through different approaches to solve
the governing nonlinear equation. We used the one step optimal HAM, the one parameter, two
parameters and three parameters optimal HAM approaches. Since in the study of nonlinear
differential equations it is impossible to suggest a single solution method to be useful anyways,
the same happened with the present study. In our analysis it is observed that for the case of large
Reynolds number the one step optimal HAM converges to the exact solution very slowly
reflecting that the approximation will reach the exact solution after hundreds of iterations which
might be impossible to reach for an ordinary PC. Whereas on the other hand, for the same case
considered, it is observed that the three parameters optimal HAM converges faster and accurately
than the rest three. But the CPU time of three parameters optimal HAM is very large which is not
economical from the computational point of view. On the other hand, if we consider the case of
the small Reynolds number,the one step optimal HAM gives very accurate results in very short
time as compared to the three parameters optimal HAM. In this case one step optimal HAM
takes 18.127 sec and three parameters method takes 23113.28 sec which is very large. From
above arguments we are of the opinion that all the proposed homotopy techniques are useful
within the range of their implications. Therefore, while dealing with nonlinear problems one
should check if the problem is less complicated, then the traditional HAM or one step optimal
HAM are useful, but if the problem is more complicated, then one should move towards the one
parameter, two parameters or three parameters optimal HAM. One thing which is of great
importance is that the computations required for two or three parameters optimal HAM is very
much high.
On physical side, it is observed that the involvement of the Knudsen number
in the velocity
is to
expression affects the velocity at the surfaces of disks. The effect of slip parameter
reduce the velocity at the surfaces of disks. Also an increase in the Knudsen number
causes
to decrease the skin fiction at the lower disk. It is concluded that the radial velocity increases
near the upper disk as increases and reverse flow occurs near the lower disk at sufficiently
large . Due to an increment in the Reynolds number the skin friction at lower disk increases.
The pressure parameter is a decreasing function of
for small
and an increasing function
for large .
of
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